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Abstract
We calculate the pulsed fraction (PF) of the super-critical column accretion flows onto mag-
netized neutron stars (NSs), of which the magnetic axis is misaligned with the rotation axis,
based on the simulation results by Kawashima et al.(2016, PASJ, 68, 83). Here, we solve the
geodesic equation for light in the Schwarzschild spacetime in order to take into account the
light bending effect. The gravitational redshift and the relativistic doppler effect from gas mo-
tions of the accretion columns are also incorporated. The pulsed emission appears since the
observed luminosity, which exceeds the Eddington luminosity for the stellar-mass black holes,
periodically changes via precession of the column caused by the rotation of the NS. The PF
tends to increase as θobs approaching to θB, where θobs and θB are the observer’s viewing an-
gle and the polar angle of the magnetic axis measured from the rotation axis. The maximum
PF is around 50%. Also, we find that the PF becomes less than 5 % for θobs<∼ 5
◦ or for θB<∼ 5
◦.
Our results are consistent with observations of ultraluminous X-ray pulsars (ULXPs) with few
exceptions, since the ULXPs mostly exhibit the PF of <
∼
50 %. Our present study supports the
hypothesis that the ULXPs are powered by the super-critical column accretion onto NSs.
Key words: accretion, accretion disks — radiative transfer — stars: neutron — relativistic processes
1 Introduction
The ultraluminous X-ray sources (ULXs) are off-nuclear,
compact, X-ray sources of which the X-ray luminosity ex-
ceeds the Eddington luminosity for the stellar-mass black
holes, ∼ 1039 erg s−1. The central engine and energy pro-
duction mechanism of the ULXs are hottly debated is-
sues. It has been thought to be either sub-critical accre-
tion disk around an intermediate-mass black hole (Colbert
& Mushotzky 1999; Makishima et al. 2000; Kobayashi
et al. 2019) or super-critical accretion flow onto a stellar-
mass black hole (King et al. 2001; Watarai et al. 2001;
Vierdayanti et al. 2006; Poutanen et al. 2007). Super-
critical accretion scenario has been supported by the ra-
diation hydrodynamics/radiation-magnetohydrodynamics
simulations which revealed that the disk luminosity be-
comes larger than the Eddington luminosity in super-
critical accretion regime (Ohsuga et al. 2005, 2009; Ohsuga
& Mineshige 2011; Vinokurov et al. 2013; Jiang et al. 2014;
Sa¸dowski et al. 2014; Takahashi et al. 2016). However,
the central objects of some ULXs turned out to be neu-
tron stars (NSs) since recent X-ray observations detected
the pulsed emission. These ULXs are called ULX Pulsar
(ULXP). It has been pointed out that a large fraction of
c© 2018. Astronomical Society of Japan.
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ULXs might contain NSs (Kluz´niak & Lasota 2015; King
et al. 2017; Wiktorowicz et al. 2017; Pintore et al. 2017).
Because the mass of the NS is less than a fewM⊙, the mat-
ter should accrete at the super-critical rate. The pulsed
fraction (PF), which is defined as (Lmax −Lmin)/(Lmax +
Lmin) with Lmax and Lmin being the the maximum and
minimum X-ray luminosities on the pulse phase, has been
reported to increase with an increase of photon energy and
to be a few percent to several tens of percent (see e.g.,
Bachetti et al. 2014; Fu¨rst et al. 2016; Israel et al. 2017a,
2017b).
One of the plausible models to explain both super-
Eddington luminosity and pulsed emission is super-critical
column accretion flows onto a NS, which was initially pro-
posed by Basko & Sunyaev (1976). The accretion disks
around the magnetized NSs are thought to truncate with-
out connecting to the NS surface. This is the case that
the accreting gas moves along the magnetic field lines and
falls around the magnetic poles of the NSs. In this way, the
accretion column forms around the magnetic poles. The
inflowing gas within the column is heated up at the vicin-
ity of the NS surface via the shock, and a large number of
photons are emitted from the side wall of the column. If
the magnetic axis is misaligned with the rotation axis of
the NSs, the observed luminosity periodically changes by
precession of the column.
Recently, the super-critical accretion column model has
been supported by Kawashima et al. (2016) (hereafter
K16). They revealed that the luminosity of the side wall
of the column exceeds the Eddington luminosity. In their
simulations, the shock appears at the height of about 3 km
above the NS surface. The energy of the infalling matter is
converted into radiation below the shock surface, and such
converted energy is radiated away from the side wall of the
column. Thus, the column luminosity of the region very
close to the NS surface (<∼3 km) exceeds the Eddington lu-
minosity. However, it hasn’t been investigated yet whether
the super-critical column accretion can explain the PF ob-
served in ULXPs or not.
In this paper, we calculate the observed luminosity of
the super-critical accretion column and the pulse shape
(time variation of the observed luminosity caused by the
precession of the columns via the rotation of the NSs)
based on the simulation results of K16. Here, the light
bending effect, the doppler effect, and the gravitational
redshift are taken into consideration. We investigate the
PF for a wide variety of the observer’s viewing angle and
the offset angle between the magnetic axis and the rotation
axis. In section 2, our model and numerical method are
described. We present our results in section 3, and section
4 is devoted to conclusions and discussion.
2 Model and Method
In the present study, we calculate the pulse shape of the
observed luminosity of the super-critical accretion column
and investigate the PF. The light bending effect is consid-
ered by solving the geodesic equation for light. Since the
gas falls onto the NS with the velocity of >∼ a few 10 %
of the light velocity, we take the doppler effect into con-
sideration. The gravitational redshift is also included in
our calculations. The details of our model and calculation
method are described below.
2.1 Model of super-critical accretion column
The fiducial model of the super-critical accretion column
employed in the present study is based on the numerical
results by K16, in which the radiation hydrodynamics sim-
ulations were performed. The schematic view of the model
is shown in figure 1. The mass of the NS is 1.4M⊙ and its
radius is 10 km. The accretion columns appear along the
magnetic axis of the NS. According to K16, the half open-
ing angle of the column, Θop, is set to be 30 degrees. The
accretion column is assumed to be steady and axisymmet-
ric with respect to the magnetic axis. In K16, the column
is very optically thick so that we suppose that the side
wall of the column is the photosphere, emitting the radia-
tion of which the intensity is ∝ T 4 in the comoving frame,
where T is radiation temperature. The relativistic correc-
tion for the emission is taken into consideration with using
the infall velocity of the side wall of the column.
Figure 2 shows the radiation temperature, T , and the
infall velocity, −vr, of the side wall of the accretion col-
umn in the quasi-steady state, which are obtained by K16.
Here, h is the distance from the neutron star surface. As
shown in this figure, the radiation temperature is effec-
tively enhanced, > 108 K, at the region of h <∼ 3 km, while
we find very small radiation temperature, ∼ 106−7 K, at
h >∼ 3 km. Thus, the region of h
<
∼ 3 km of the column
is main radiation source in the model (red part of figure
1). Here we note that the numerical fluctuation of radi-
ation temperatures in the region of h >∼ 3 km does not
affect our results since the emission is negligibly weak be-
cause of the very small T . The high T region is produced
by the shock. Indeed, the infall velocity is suddenly de-
creasing within ∼ 3 km, i.e., in the post-shock region.
The intrinsic luminosity of the columns, which is evalu-
ated as Lint = 4pi
∫ rout
rin
σT 4r sinΘopdr∼ 6.1×10
40 erg s−1,
where σ is the Stefan-Boltzmann constant, r relates to h as
r=10km+h, rin is 10 km (the radius of the NS), and rout
is 2100 km (the upper boundary of the simulation box of
K16). As we have mentioned above, the most of photons
are emitted from the very vicinity of the neutron stars,
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Fig. 1. Top: Schematic view of the super-critical accretion column onto the
neutron star. Bottom: The definition of polar and azimuthal angles of the
magnetic axis of the NS (θB and ϕB), and observer’s viewing angle (θobs).
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Fig. 2. Radiation temperature (top) and infall velocity (bottom) at the side
wall of the accretion column obtained by the radiation hydrodynamics
simulations of K16. Here, h is the distance from the neutron star surface.
h <∼ 3 km.
We consider that the magnetic axis (axis of the column)
is misaligned with the rotation axis of the NS. Thus, the
precession of the column occurs via the rotation of the
NS, which leads to periodically change of the observed lu-
minosity (pulsed emission). The polar and the azimuthal
angles of the magnetic axis are represented by θB and ϕB,
where θB is measured from the rotation axis of the NS and
ϕB is measured from the observer’s azimuthal angle (the
observer’s viewing angle is defined as θobs). That is, the
magnetic axis is the closest to the observer when ϕB is
null. Note that ϕB corresponds to the phase of the pulsed
emission since ϕB changes with time via the rotation of NS.
Throughout the present study, the column which is located
at the upper (lower) side in figure 1 is called observer’s side
column (opposite side column). Since the observed lumi-
nosity of the columns depends on the positional relation-
ship between the observer and the columns, it is functions
of θobs, θB, and ϕB.
In our method, we suppose that the NS surface does
not emit photons, since the emission of the NS surface is
thought to be negligibly small, compared with the side wall
of the columns. We neglect the reflection of photons at the
NS surface for simplicity. Hence, if the photons from the
accretion columns arrive at the NS surface, such photons
disappear. Also we assume the gas outside of the NS and
the accretion columns is very optically thin (the opacity is
negligibly small).
In addition to the fiducial model described above, we
calculate two models for comparison. One of which is a
thin column model. In this model, the half opening angle
of the column is 10 degrees. In the other model, the hot
and luminous regions of the side wall extend twice (the
shock surface is located at h ∼ 6 km). These comparison
models are described in subsection 3.4 in detail.
2.2 Numerical Method
In order to evaluate the observed luminosity of the accre-
tion columns with θB and ϕB for the observer with θobs,
we compute the intensity of radiation, incidenting on the
observer screen placed far enough from the neutron star,
by using a ray-tracing method (see, e.g., Luminet 1979).
The size of the screen is −21km < y < 21km in the ver-
tical direction and −21km < x < 21km in the horizontal
direction. Here, the y axis is defined to be identical to the
rotation axis of the neutron star projected onto the screen.
The x axis, which is perpendicular to the y axis, is defined
in such a way that the center of the NS is projected on the
origin of the screen (x= y=0). This screen is divided into
500×500 pixels (∆x=∆y=84 m), and trajectories of the
light ray are calculated from each pixel towards the NS.
We assume the Schwarzschild metric outside the NS. This
assumption will be appropriate, since the rotation period
of NSs in ULXPs is the order of seconds (see e.g., Bachetti
et al. 2014; Fu¨rst et al. 2016; Israel et al. 2017a, 2017b),
i.e., the expected rotation velocity of the NS surface is very
slow (∼ 10−4c).
A light ray from a pixel at x= x′ and y = y′ travels on
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the plane including three points: two points on the screen
[(x,y)=(0,0) and (x′,y′)] and the center of the NS, because
of the spherical symmetry of the Schwarzschild spacetime.
Thus, the trajectory of light is obtained by solving the
geodesic equation on the plane in the circular coordinates
(r,ξ),
[
d
dξ
(
1
r
)]2
+
1
r2
(
1−
rs
r
)
=
1
b2
, (1)
with rS being the Schwarzschild radius (see e.g., Misner
et al. 1973). Here, r is the distance from the center of the
NS. The angle, ξ, is measured from the line that links the
center of the NS (r=0) to the origin of the screen, x=y=0.
The impact parameter, b, is defined as b2 = x′2 + y′2.
When a ray reaches the side wall of the accretion col-
umn, the radiation temperature, T , and the infall veloc-
ity, −vr, at that point are obtained by linear interpola-
tion from the simulation data of K16 (figure 2). Then, the
frequency-integrated intensity of the radiation at the point
on the observer’s screen, x= x′ and y = y′, is evaluated as
Iobs =
B0
(1+ z)4
. (2)
Here, B0 is black body intensity in the comoving frame of
the fluid, B0 = σT
4/pi with σ being the Stefan-Boltzmann
constant. The radshift, z, is defined as
1+ z =
(
1−
rs
r
)−1/2
γ
(
1−
vr ·n
c
)
, (3)
where c is the speed of light, γ =
(
1− v2r/c
2
)−1/2
is the
Lorentz factor, vr is the velocity vector at the side wall
of the column, of which the radial component is -vr and
other components are zero, and n is the directional cosine
of the light ray at the side wall of the accretion column
(Kato et al. 2008). Here, (1− r/rS)
−1/2 represents the
gravitational redshift, and γ (1−vr ·n/c) corresponds to
the Doppler effect. In the present study, we ignore the rela-
tivistic effect caused by the rotation of the NS (∼1 s), since
the rotation speed is much slower than the infall velocity.
In addition, the rotation period of the NS is thought to be
much longer than the light crossing time around the NS,
∼ 10−4 s. Thus, we do not need to consider the movement
of the accretion column when we solve the trajectories of
the light rays.
If the geodesic reaches the surface of the NS prior to the
accretion column or the light ray goes away without reach-
ing the accretion column, then we recognize the radiation
intensity on the pixel is null, Iobs = 0. The radiation flux
can be obtained from Iobs for all pixels. The observed lu-
minosity is evaluated by assuming that the radiation flux is
isotropic. By repeating the above procedures with varying
ϕB, we obtain the pulse shape and the PF.
3 Result
3.1 Intenisty Map
The panels (a-f) in figure 3 show the resulting intensity
map of the fiducial model for θB = 10
◦ and θobs = 60
◦.
The azimuthal angle of the magnetic axis is ϕB =0
◦ in the
upper panels and ϕB = 180
◦ in the lower panels. The left
panels are the schematic picture for ϕB = 0
◦ (upper left)
and for ϕB = 180
◦ (lower left). The accretion column of
observer’s side is tilted to the observer side at ϕB=0
◦. On
the other hand, the accretion column tends to be viewed
from the side when ϕB = 180
◦.
The panels (a) and (b) are results obtained by the cal-
culation method in subsection 2.2. That is, the light bend-
ing effect, the gravitational redshift, and the Doppler effect
are fully taken into consideration. We refer to this type of
calculations as the General Relativistic calculation (GR-
calculation) to distinguish it from the other calculations.
As can be seen in the panels, two luminous parts (purple)
appear. They correspond to the luminous part of accretion
columns near the NS surface h <∼ 3km (red part in figure
1). The panels show that the intensity of the luminous
part of the opposite side is stronger than that of the ob-
server’s side. Such a difference of the brightness is more
pronounced for ϕB = 0
◦ than for ϕB = 180
◦. Furthermore,
in the case of ϕB = 0
◦, it is also found that the area of the
luminous part of opposite side is seen widened in the arc
shape. Due to the enhancement of the intensity and the
spread of the luminous area on the screen, the observed
luminosity is larger for ϕB = 0
◦ than for ϕB = 180
◦.
The reason why the radiation intensity on the oppo-
site side looks stronger than that on the observer’s side is
the Doppler effect. In order to make the point clear, we
calculate the radiation intensity by neglecting the gravi-
tational redshift and the light bending effect. Specifically,
we take the limit of rS/r→ 0 in equations (1-3). We name
this type of calculations the Special Relativistic calculation
(SR-calculation) and the resulting intensity map is shown
in the panels (c) and (d). Since neither the general rela-
tivistic effect (light bending and gravitational redshift) nor
the special relativistic effect (Doppler effect) is included in
panels (e) and (f), We call this type of calculations the
Non-Relativistic calculation (NR-calculation).
In the panel (c), we find that the radiation intensity of
the accretion column is stronger on the opposite side than
on the observer’s side. This is caused by the Doppler effect.
Since the gas in the column accretes onto the NS (vr < 0),
vr ·n becomes negative on the observer’s side. Thus, the
radiation intensity, emitted from the observer’s side, on the
observer’s screen is weaker than the black body intensity
in the comoving frame. In contrast, the column of the
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Fig. 3. Intensity map of observer’s screen for ϕB = 0
◦ (upper panels) and 180◦ (lower panels). Here, we employ θB = 10
◦ and θobs = 60
◦. The neutron
star is located at the center of the screen. Also, the observer’s side (opposite side) column appears on the upper (lower) part of the screen. The general and
special relativistic effects are included in the GR-calculation (panels a and b), and only the special relativistic effect is considered in the SR-calculation
(panels c and d). In the NR-calculation, the relativistic effects are neglected (panels e and f).
opposite side seems to be bright because of vr ·n> 0. On
the other hand, the both sides of the column seem to be
bright in the panel (e). This proves that the Doppler effect
is mainly responsible for the difference of the radiation
intensity between the opposite and observer’s sides. In
the panel (d), the column tends to be observed from the
side (see lower-left schematic view). The accretion columns
are cone-shaped so that the matter at the side wall moves
away from the observer. Thus, vr ·n becomes negative in
both sides of the column, and the radiation intensity of the
both sides of the accretion column is weaker in the panel
(d) than in the panel (f). Note that even for the case of
vr ·n=0, the radiation intensity is reduced via the Doppler
effect since the redshift is proportional to γ (see equation
(3)).
In the GR-calculation, the spread of the luminous part
of the opposite side is caused by the light bending (gravi-
tational lensing). Such a spread can not be seen in the SR-
calculation and the NR-calculation since the light bending
effect is not taken into consideration. The orbit of the light
is drastically bent around the NS so that the opposite side
of the column appears to be more widened for the case of
ϕB = 0
◦ (panel a) than for ϕB = 180
◦ (panel b). In addi-
tion, vr ·n tends to decrease via the light bending, leading
to the reduction of the radiation intensity on the screen.
The gravitational redshift also works to reduce the radi-
ation intensity for the GR-calculation. Hence neither red
nor yellow regions appear in the panels (a) and (b).
3.2 Pulse Shape
The observed luminosity of the fiducial model is plotted
in figure 4 as a function of ϕB. As in figure 3, we employ
θB = 10
◦ and θobs = 60
◦. This figure corresponds to the
pulse shape because ϕB periodically changes with time via
the rotation of the NS. The result of the GR-calculation,
SR-calculation and NR-calculation are shown in blue, yel-
low, and green circles, respectively. As have mentioned in
subsection 3.1, the radiation intensity tends to be reduced
by the Doppler effect since the redshift is proportional to γ.
Thus, the luminosity for the SR-calculation is smaller than
that for the NR-calculation. The gravitational redshift also
works to reduce the luminosity so that the luminosity for
the GR-calculation is the smallest although it still exceeds
1040 erg s−1.
In this figure, we also find that the observed luminosity
depends on ϕB in all calculations. However, the phases
seem to be shifted by 180 degrees. At ϕB = 180
◦, the lu-
minosity is lowest in GR- and SR-calculations but highest
in NR-calculation. The reason for this is the Doppler ef-
fect. The radiation intensity of the opposite side column
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Fig. 4. Pulse shape of GR-, SR-, and NR-calculations for the case of
θB = 10
◦ and θobs = 60
◦.
becomes strong due to the Doppler effect, especially when
ϕB = 0
◦. Such enhancement is less effective as ϕB ap-
proaches 180◦. Therefore, the luminosity of the GR- and
SR-calculations is minimized at ϕB = 180
◦. In the NR-
calculation, the luminosity is only determined by the ap-
parent area of the luminous part of the accretion column.
Thus, the observed luminosity decreases as ϕB approaches
0◦ (or 360◦).
In the GR-calculation, in addition to the Doppler ef-
fect, the bright region in the opposite side of the accre-
tion columns is widened by the light bending effect, which
leads to the enhancement of the observed luminosity. The
light bending effect plays an important role for the case of
ϕB ∼ 0
◦. Thus, the luminosity for ϕB = 0
◦ is maximum.
Note that, if large θB is employed (≥ 70
◦), the azimuthal
angle of the magnetic axis, ϕB, where the observed lumi-
nosity becomes minimum, is deviated from 180◦. This will
be described in detail in subsection 3.3.
3.3 Pulsed Fraction
Next, we show the PF, which is defined as
PF =
Lmax−Lmin
Lmax +Lmin
. (4)
Here, Lmax and Lmin are the maximum and minimum
observed-luminosity in one period of the pulse, respec-
tively. In the case of θB = 10
◦ and θobs = 60
◦ (we
have shown in subsection 3.1 and 3.2), Lmax = 1.52 ×
1040 erg s−1 and Lmin = 1.08× 10
40 erg s−1 in the GR-
calculation, so the PF is evaluated to be 17.0%. We plot
the PF with various θB and θobs on θB-θobs plane (see figure
5).
We find in this figure that the PF becomes less than 5%
at minimum and exceeds 50 % at maximum. This figure
also shows that the PF tends to increase as the observer’s
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Fig. 5. Pulsed fraction of the GR-calculation for various θB and θobs.
viewing angle, θobs, approaches to θB ±Θop (the bound-
ary of the white region), where Θop is the half opening
angle of columns (see section 2.1). This is because that
the relativistic effect effectively works and the amplitude
of the pulse is enhanced as θobs approaches to θB ±Θop
(see subsection 3.2).
The PF gradually decreases away from the white region,
and becomes very small in the vicinity of the horizontal and
vertical axis. In the case of small θB, the magnetic axis is
almost aligned with the rotation axis. Then, the observed
luminosity does not change so much (the amplitude of the
resulting pulse becomes small). Also, even if θB is not
small, the amplitude of the pulse tends to be small for the
face-on observer (small θobs). Thus, the PF is small at the
region of small θB and small θobs.
Here we note that the PF in the white region i.e., blank
region) cannot be calculated in the present model. In the
blank region, the offset angle between the magnetic axis
and the observer’s angle becomes less than Θop when ϕB
is close to 0◦. That is, the line of sight is inside the side
boundary of the accretion column, and we can not see
the side wall of the accretion column. This is a limita-
tion of the present model, in which we suppose that accre-
tion column is the cone-shaped and infinitesimally-long. In
fact, it is thought that the accretion column bends along
the magnetic field lines, and therefore the X-ray pulse
might be observed even in the blank region. The study
of more realistic structure of the accretion column is left
as future work. Global radiation magnetohydrodynamics
simulations of the accretion columns and accretion disks
around the magnetized NSs were recently performed by
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Fig. 6. Pulse shape of the GR-calculation for the case of θB = 70
◦, 80◦
and 90◦. Here θobs is set to be 30
◦.
Takahashi & Ohsuga (2017). In addition, magnetohydro-
dynamics simulations showed the column accretion flows
onto NSs (Romanova et al. 2009; 2011; 2012; Parfrey &
Tchekhovskoy 2017; Parfrey et al. 2017).
We also note that a secondary peak (ϕB = 180
◦) ap-
pears during one period of the pulse for the case that
θB is very large, >∼ 70
◦ (see figure 6). For the case of
such larger θB, the relativistic effect works to enhance the
observed luminosity when ϕB is close to null and 180
◦,
and the minimum luminosity appears between the primary
peak (ϕB = 0
◦,360◦) and the secondary peak (ϕB = 180
◦).
Although the peak luminosity (ϕB = 0
◦) decreases with
an increase of θB, the minimum value of the luminosity
is almost constant. Therefore, the PF decreases with an
increase of θB. Especially, it is found that the observed
luminosity for ϕB =180
◦ is same as that for ϕB =0
◦ when
θB = 90
◦. In this case, the period of the X-ray pulse be-
comes one half of the rotation period of the NS. The sec-
ondary peak in the pulse also appears when observer is
located near the equatorial plane (θobs >∼ 70
◦). Our results
propose that the angle of the magnetic axis or the ob-
server’s viewing angle might be restricted by the detailed
observations of the pulse shape.
3.4 Pulsed fraction of comparison models
So far, we investigated the PF based on the simulation
results of K16. Here we show that our results are not so
sensitive to the structure of the accretion column. Figure
7 is the PF where we employ thinner accretion columns
of which the half opening angle, Θop, is 10
◦. Here, the
profiles of the temperature and the velocity of the side wall
of the column are the same as those of the fiducial model.
The intrinsic luminosity of this model is 2.1×1040 erg s−1.
Such thinner column would appear when the NS is strongly
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Fig. 7. Same as figure 5 but we employ thinner accretion columns of which
the opening angle is 10◦.
magnetized. The accretion disk is truncated at a large
distance because of the strong magnetic pressure. The
large magnetosphere is formed. The matter falls onto the
very vicinity of the magnetic pole, forming to the thinner
accretion column. As shown in figure 7, the PF is very
small around the horizontal and vertical axis and increases
as approaching to the blank area. This tendency is similar
with the PF shown in figure 5, although the blank region
is narrow due to the small Θop. Also, the maximum value
of the PF does not change so much even if the half opening
angle of the column is somewhat small or large. When it
is considered that both θB and θobs are fixed, the PF is
larger for Θop = 30
◦ (figure 5) than Θop = 10
◦ (figure 7).
For instance, for the case of θB = 15
◦ and θobs = 60
◦, the
PFs are around 25 % for Θop=30
◦ and 15 % for Θop=10
◦.
Thus, the observed PF would change if Θop varies for some
reason (see section 4).
Although the height of the shock surface is around 3
km in K16, Basko & Sunyaev (1976) indicated that the
shock surface moves in a direction away from the NS sur-
face with an increase of the mass accretion rate. In order
to study the influence of the height of the shock surface,
we set the height of the shock surface to be 6 km here.
Specifically, without changing the absolute value of the
temperature and the velocity, the distance from the neu-
tron star surface of the data points is doubled (In other
words,A′(h) = A(0.5h), where A′(h) and A(h) are phys-
ical quantity in this comparison model and in the fidu-
cial model, respectively). Then, the intrinsic luminosity
is roughly doubled, 1.2× 1041 erg s−1. The resulting PF
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Fig. 8. Same as figure 5 but the shock surface is set higher (6 km).
is plotted in figure 8. This figure is very similar with fig-
ure 5, so that the PF is not sensitive to the position of
the shock surface as long as the shock occurs near the
NS surface. Although we employ simple comparison mod-
els in the present work, the detailed structure of accretion
columns was investigated by Lyubarskii & Syunyaev (1988)
and Mushtukov et al. (2015). The comparison of PFs be-
tween the present model and these latter detailed models
is indeed very important, and we would like to consider
this for our future work.
4 Conclusions and Discussion
In the present study, by taking account of the light bend-
ing effect, the doppler effect, and the gravitational redshift,
we calculate the luminosity of the super-critical column ac-
cretion flows onto the magnetized NSs of which the struc-
ture is based on the numerical simulations by K16. Due
to the doppler effect and the light bending effect, the ra-
diation from the opposite side of the accretion column is
enhanced. Also the gravitational redshift decreases the ob-
served luminosity. The resulting luminosity highly exceeds
the Eddington luminosity of the stellar-mass black holes.
If the magnetic axis of the NS is misaligned with the ro-
tation axis, the observed luminosity periodically changes.
The resulting PF tends to increase as θobs approaches to
θB±Θop. It exceeds ∼ 50 % for the case of θobs∼ θB±Θop
in our calculations. In contrast, it becomes less than 5 %
in the case of θB <∼ 5
◦ or θobs <∼ 5
◦.
Our results are consistent with the observations of
ULXPs with few exception mentioned in the next para-
graph. The PF of M82 X-2, NGC7793 P13, NGC5907
ULX, NGC1313 X-2, and M51 ULX7 was reported to be
about 5-25 % at 3-30 keV (Bachetti et al. 2014), 8-40 %
at 1-15 keV (Fu¨rst et al. 2016; Israel et al. 2017b), 12-
20 % at 2.5-7 keV (Israel et al. 2017a), 3-8 % at 0.3-10
keV (Sathyaprakash et al. 2019) and 5-40 % at 0.3-9 keV
(Rodr´ıguez Castillo et al. 2019), respectively. NGC300
ULX1 exhibits the PF of ≤ 50 % at the energy band
of <∼ 1 keV (Carpano et al. 2018). In the case of Swift
J0243.6+6124, three observations indicated the PF to be
<
∼ 40 % (Tao et al. 2019). Thus our results support the
hypothesis that the ULXPs are powered by the the super-
critical column accretion onto NSs.
However, some observations cannot be resolved in the
present work. The PF of > 50 % was detected at >∼ 1
keV in NGC300 ULX1 and two observations of Swift
J0243.6+6124 showed the PF of ≫ 50 %. In addition,
it was reported that the PF depends on the photon en-
ergy (see e.g., Bachetti et al. 2014; Wilson-Hodge et al.
2018). The energy dependence of the PF and the high
PF (≫ 50 %) might be resolved by the thermal and bulk
Comptonization, which are not taken into account in the
present study. Since the gas temperature as well as the
infall velocity are very high in the interior of the accre-
tion column, the emergent spectra might be deviated from
the blackbody radiation via the Comptonization. The
energy-dependent PF is obtained by solving the multi-
frequency radiation transfer calculations including the
Comptonization (Kawashima et al. 2012; Kitaki et al.
2017; Narayan et al. 2017). Such study is left as an impor-
tant future work.
Our results indicate that the detailed observations of
the pulse shape might be useful for restricting the offset
angle of the magnetic axis and the rotation axis as well as
the observers viewing angle. As we have shown in section
3.3, the secondary peak appears in a period of the pulse
for θobs > 70
◦ or θB > 70
◦. In contrast, in the situation
other than that, the sinusoidal-shaped pulse appears. This
implies that the magnetic axis is not drastically misaligned
with the rotation axis and that observer’s viewing angle is
relatively small in most ULXPs, since the sinusoidal pulse
has been detected (see e.g., Bachetti et al. 2014; Fu¨rst et al.
2016; Israel et al. 2017a, 2017b). An exceptional object is
Swift J0243.6+6124 of which the pulse has a secondary
peak (Wilson-Hodge et al. 2018). Thus, θobs > 70
◦ or θB >
70◦ might be realized in this object.
Although the PFs are treated as constant in time in
the present study, the time variation of the PF and the in-
termittent signal has been recently reported by Rodr´ıguez
Castillo et al. (2019) and Sathyaprakash et al. (2019). The
time variation of the PF might be explained by the vari-
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ation of the mass accretion rate. The increase (decrease)
of the mass accretion rate leads to the decrease (increase)
of the radius of the magnetosphere. Then the PF goes up
(down) since the half opening angle of the column becomes
large (small). As have shown in section 3.4, the PF tends
to be large for the case with large Θop. However, the PF
might decrease (increase) due to the increase of the mass
accretion rate. The luminosity of the accretion disk, which
is located outside the magnetosphere, increases (decreases)
with the increase (decrease) of the mass accretion rate.
The fraction of the radiation from the columns in the total
luminosity relatively decreases (increases). Therefore, the
PF decreases (increases) since the disk does not exhibit
the pulsed emission. This hypothesis is roughly consis-
tent with King et al. (2017). They have suggested that
PF becomes small if the magnetospheric radius is much
smaller than the spherization radius (see also Walton et al.
2018). Such a condition tends to be realized for the case
that the mass accretion rate is large. If the outflows are
launched when the accretion rate increases and obscure the
accretion column, the PFs might reduce or the X-ray pulse
may disappear (Tao et al. 2019). We stress again that we
need global radiation magnetohydrodynamics simulations
of the accretion columns, accretion disks, and the outflows
around the magnetized NS in order to reveal the PF by
taking all effects mentioned above. In addition, the reflec-
tion of light at the NS surface might reduce the PF since
the photons tend to be scattered towards the various direc-
tions. The effect of the reflection was discussed by Lenzen
& Tru¨emper (1978) and West, Wolfram, & Becker (2017)
although we do not consider the reflection. The study of
the observed luminosity and the PF by taking account of
the reflection is also left as a future work.
Finally, we do not consider the quadrupole component
of the magnetic field on the neutron star surface in the
present paper. Since the dipole component is dominant
at the distant region, the disk matter would flow towards
north/south poles. However, the flow structure might
change near the NS surface by the quadrupole component.
The investigation of the effect of the quadrupole fields is
left as an important future work.
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